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Abstract
Families of vortex equilibria, with constant vorticity, in steady ﬂow past a ﬂat plate
are computed numerically. An equilibrium conﬁguration, which can be thought of as a
desingularized point vortex, involves a single symmetric vortex patch located wholly on
one side of the plate. Given that the outermost edge of the vortex is unit distance from
the plate, the equilibria depend on three parameters: the length of the plate, circulation
about the plate, and the distance of the innermost edge of the vortex from the plate.
Families in which there is zero circulation about the plate and for which the Kutta
condition at the plate ends is satisﬁed are both considered. Properties such as vortex
area, lift and free-stream speed are computed. Time-dependent numerical simulations
are used to investigate the stability of the computed steady solutions.
2000 Mathematics subject classiﬁcation: 76B47, 76B10.
Keywords and phrases: vortex dynamics, vortex equilibria, contour dynamics,
aerodynamics.
1. Introduction
The formation of closed streamlines is a characteristic feature of two-dimensional ﬂow
past a body. This observation has led to a number of studies of trapped vortices in
steady ﬂow of an inviscid ﬂuid past a body, that is, vortex equilibria. For example,
in uniform ﬂow past a circular cylinder, the F¨ oppl vortices (see for example [13]) are
a family of standing point vortex pairs, of equal and opposite circulation, arranged
symmetrically downstream of the cylinder. Elcrat et al. [4] showed numerically that
the F¨ oppl equilibria can be desingularized into a family of increasing-area constant-
vorticity vortex patches with the same circulation as the F¨ oppl point vortices. The
constant-vorticity assumption is appropriate in this scenario since it is consistent
with the Prandtl–Batchelor theorem [1], which asserts that vorticity within closed
streamlines becomes uniform in the limit of zero viscosity. In addition to vortex
equilibria behind the cylinder, Elcrat et al. [4] also found a family of vortex patch
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equilibria located directly above and below the cylinder. These were later shown to
be unstable [5]. Recently, Hocking [6] has used boundary integral methods to ﬁnd
a family of solutions describing a constant-vorticity symmetric wake (a vortex pair)
attached to a circular cylinder and extending downstream a ﬁnite distance.
In this work the body considered is a ﬂat plate of ﬁnite length aligned with the
ﬂow, and equilibria comprising only one vortex located on one side of the plate are
investigated. The vortex boundary is assumed symmetric in the ﬂow direction. The
asymmetry in the direction perpendicular to the plate permits steady ﬂows with an
arbitrary circulation around the plate. This, in turn, implies that, in general, there will
be a lift on the plate. Two cases are considered here: (i) zero circulation around the
plate and (ii) when the circulation is chosen such that the Kutta condition at the ends
of the plate is satisﬁed, that is, the velocity at the plate ends is bounded. Case (i)
may arise, for example, in a situation in which a vortex initially distant from the plate
is advected towards the plate and is subsequently trapped. The circulation about the
plate, which is initially zero, remains so by Kelvin’s circulation theorem. Case (ii)
generalizes that of Saffman [13] who considered the case of a single point vortex
located above the midpoint of a ﬂat plate aligned parallel to the ﬂow in which the Kutta
condition is satisﬁed. Saffman’s solution is given in Section 2.2 since it represents the
singular limit of the more general family of vortex patch solutions found here. With
aerodynamic applications in mind Saffman and Shefﬁeld [14] also considered the case
ofpointvorticesinequilibriumwithaplateatincidence, andSaffmanandTanveer[15]
numerically calculated uniform vortices bounded by a vortex sheet attached to a plate
at incidence with a forward-facing ﬂap. These studies showed that the presence of the
vortex can enhance the lift on the plate.
A practical use of the present work is that comparison of results for the more
realistic vortex patches obtained here with those for point vortices will enable
quantitative judgment of the ability of the simpler point vortex models to predict
properties such as lift in, say, aerodynamic applications.
The equilibria found here may also be interpreted as generalizations of the family
of uniform vortex patches in steady translation near an inﬁnitely long plane wall.
Such vortices, also known as V-states, have attracted substantial interest in the vortex
dynamics literature—see for example [2, 11, 16]. In fact the numerical algorithm used
here to ﬁnd steady solutions is partly based on that due to Pierrehumbert [11]. In a
uniform ﬂow with speed equal and opposite to their translational velocity, V-states are
stationary and the equilibria found here should tend to these previous solutions in the
limit of large plate length.
In Section 2 properties of families of point vortex equilibria are derived from
the Hamiltonian for uniform ﬂow past a ﬁnite plate in the presence of a point
vortex. The existence of such equilibria provides the motivation for the numerical
construction of analogous desingularized vortex patch equilibria. The numerical
method for constructing the steady solutions, based on contour dynamics, is described
in Section 3. Results including vortex shapes, area, upstream ﬂow speed, and lift
on the plate are given in Section 4. In Section 5 the robustness of the computed[3] Vortex equilibria in ﬂow past a plate 349
FIGURE 1. Point vortex equilibrium for ﬂow past a plate. Note that, if U > 0, then the vortex circulation
must be negative.
equilibria is tested by using them as initial conditions in a time-dependent contour
dynamics simulation.
2. Point vortex equilibria near a ﬂat plate
Considera pointvortex ofcirculation 0 ina uniformstream withvelocityU parallel
to a ﬂat plate of length 2a—see Figure 1. The ﬂuid is inviscid and the ﬂow is steady.
Let z = x + iy be a complex coordinate system such that Im z = 0 is coincident with
the plate and z = 0 is its midpoint.
In this section the vortex Hamiltonian is used to establish equilibrium conditions
in terms of the parameters h, 0, a and U. Alternatively, these conditions could be
found from the complex potential and requiring that the non-self-induced velocity
at the vortex vanishes. However, the vortex Hamiltonian, in which level curves of
the Hamiltonian coincide with vortex trajectories (see for example [13]), has the
advantage that it also gives information on the stability properties of the equilibria
(see for example [17]).
Let the vortex Hamiltonian in the z-plane be Hz. The velocity of the vortex is
obtained from the relations u = ∂Hz/∂y, v = −∂Hz/∂x. One can construct Hz by
ﬁrst noting that the Hamiltonian for a point vortex of circulation 0 outside the unit
circle in the ζ-plane is (see for example [17])
Hζ = −
γ
4π
log |ζ|2 +
0
4π
log(|ζ|2 − 1), (2.1)
where γ is the (arbitrary) strength of a point vortex at the centre of the circle. Using
Routh’s rule [12, 13] the Hamiltonian in the z-plane is
Hz = Hζ +
0
4π
log

 

dz
dζ

 
, (2.2)
where z = (a/2) (ζ + ζ−1) maps the unit circle in the ζ-plane to a ﬂat plate of
length 2a in the z-plane. Including a uniform stream with velocity U, (2.1)350 N. R. McDonald [4]
and (2.2) give
Hz = Uy +
0
4π
log(|ζ|2 − 1) −
γ
2π
log |ζ| +
0
4π
log |1 − ζ−2|, (2.3)
where ζ = ζ(z). Note that γ − 0 is the net circulation about the plate.
Let the vortex be at z = ih, which in the ζ-plane corresponds to
ζ = i(h +
p
h2 + a2 )/a = ib,
where b > 1. At the vortex v = 0 by symmetry and Hz = Hz(0, b). The condition that
the vortex be stationary with respect to the plate is then ∂Hz(0, b)/∂b = 0. This gives
a relation between U, a, h, 0 and γ for stationarity:
−
Ua
2
(1 + b−2) =
0
π
b3
b4 − 1
−
γ + 0
2πb
, (2.4)
where b = b(h) = (h +
√
h2 + a2 )/a.
2.1. Zero circulation about the plate In this case γ = 0 and (2.4) reduces to
0
4πU
= −
h(1 + b2)2
4
. (2.5)
Note that, if h, U > 0, then 0 < 0 for the vortex to be stationary.
The lift on the plate is, in general, given by L = Uγ (see [10, 13]) and for this case
is
L = −
02
πh(1 + b2)2. (2.6)
Note that, if h > 0, then L < 0, that is, the lift is in the negative y-direction.
2.2. Kutta condition This case is also discussed in Saffman [13]. The Kutta
condition is satisﬁed when the velocity at the ends of the plate is ﬁnite. Let w
be the complex potential. Since u − iv = dw/dz = (dw/dζ) (dζ/dz) and dζ/dz is
unbounded at the plate ends, this is equivalent to demanding that dw/dζ|ζ=±1 = 0.
Using the velocity potential for a point vortex outside the unit ζ cylinder (the uniform
stream is irrelevant here since ζ = ±1 correspond to stagnation points in uniform ﬂow
past a cylinder), the complex potential is
w = −
i0
2π
log

ζ − ib
ζ − ib−1

−
iγ
2π
log ζ, (2.7)
and the Kutta condition is satisﬁed when (see also [13, Page 122, Equation (18)])
γ
0
=
b2 − 1
b2 + 1
. (2.8)
Using (2.8) in (2.4) gives
0
4πU
= −
h(1 + b2)2
4b2 , (2.9)[5] Vortex equilibria in ﬂow past a plate 351
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FIGURE 2. Contours of the Hamiltonian for zero circulation about the plate (left) and when the Kutta
condition is satisﬁed (right) with U = 0.1 and h = 0.5.
with associated lift on the plate
L = −
202
πa

b
b2 + 1
3
. (2.10)
As in the zero circulation case h, U > 0 implies 0, L < 0.
In the limit of large plate length a → ∞ and ﬁxed h it follows that b → 1 and, from
(2.5) and (2.9), the ratio 0/4πU → −h. This is precisely the condition for a vortex of
circulation 0 and distance h from an inﬁnitely long plane wall to remain stationary in
a uniform stream with velocity U.
Contours of the Hamiltonians for the two cases of zero circulation and Kutta ﬂow
are given in Figure 2. In both cases h = 0.5 and U = 0.1. In addition, 0 and (in the
caseofKuttaﬂow)γ arechosensuchthat(2.5)or(2.9)aresatisﬁedrespectively. Since
contours of the Hamiltonian correspond to trajectories of the point vortex, it is clear
from Figure 2, as expected from the choice of parameters, that z = 0.5i corresponds to
an equilibrium point. The contours in the zero circulation case indicate the presence of
further equilibrium points either side of the equilibrium point centred above the plate,
but these are not investigated here. Interestingly, the nature of the equilibrium point
is different in the two cases, being elliptic in the zero circulation case and hyperbolic
in the Kutta case. This suggests different stability properties between the equilibria,
namely that the zero circulation equilibria are stable and those satisfying the Kutta
condition are unstable (see for example [17]). In principle it is possible to derive an
explicit condition determining the elliptic or hyperbolic nature of the critical point by
examining the determinant of the Hessian of the Hamiltonian near the critical point.
However, this proves to be an awkward calculation and is not pursued here. It is
noteworthy, however, that the behaviour shown in Figure 2 appears to be generic:
many examples, covering a wide range of parameter space of the Hamiltonian were
plotted and all showed elliptic equilibrium points directly above the plate in the zero
circulation case and hyperbolic points in the Kutta case. The stability question is352 N. R. McDonald [6]
FIGURE 3. Vortex patch above plate of length 2a. The patch is symmetric about the y-axis. In the
numerical computations y0 = 1 is ﬁxed and yN = d is a parameter.
returned to in Section 5 when the vortex patch equilibria are tested in time-dependent
simulations.
3. Numerical method
Consider a symmetric vortex patch of uniform vorticity ω centred over a plate of
width 2a. Using the normal distance of the outermost edge of the patch from the
wall as the lengthscale and |ω|−1 as the timescale, the system is nondimensionalized.
Hence the outermost edge of the patch is unit distance from the plate and its innermost
edge is distance d from the plate and the patch vorticity is −1 (see Figure 3). Since
the patch has uniform vorticity, the numerical method of contour dynamics (a type of
boundary integral method, see for example [3]) can be used for efﬁcient and accurate
computation of velocities due to the vortex patch alone. Indeed, the computation
of steady ﬂows with vorticity was a primary reason for the original development of
contour dynamics [2, 16].
Foraninﬁnitelylongwall, thecomputationofvelocitiesinducedbythepatchcanbe
calculatedstraightforwardlybyaddinginanimagepatch, seeforexample[11, 16]. For
a ﬁnite plate image-based methods are not possible and instead the method developed
and used by Johnson and McDonald [7–9] for the study of vortex motion in the
presence of boundaries (for example circular islands, gaps in walls, plates) is used.
Brieﬂy, in the present case, this can be done by ﬁrst ignoring the presence of the plate
and using a standard contour dynamics algorithm (see for example [3]) to compute the
velocity ﬁeld at nodes on the contour and at points along the plate. By mapping the
exterior of the plate to the exterior of the unit circle in the ζ-plane, the velocity data on
the plate boundary are then used to compute a unique irrotational velocity ﬁeld, with
complex potential
wb =
∞ X
n=1
cnζ−n, (3.1)[7] Vortex equilibria in ﬂow past a plate 353
which when added to the original velocity ﬁeld satisﬁes the zero normal ﬂow boundary
condition on the plate. In practice this involves truncating the sum in (3.1) at n = N
and determining a ﬁnite number of complex coefﬁcients cn using Fourier methods
(see [7] for further details). The total velocity at the nodes of the patch is then the sum
of those due to the patch alone and those due to the presence of the plate, which are
given by
ub − ivb =
dwb
dz
=
dwb
dζ
dζ
dz
= −
2
a
(1 − ζ−2)−1
N X
n=1
ncnζ−n−1. (3.2)
Further, the circulation about the plate can be set to its required value by adding the
term −iκ/(2πζ), where κ is the circulation about the plate, to the complex velocity
ﬁeld. As in the point vortex case, the circulation about the plate can be expressed as
κ = γ − 0 where 0 is now the circulation of the patch (that is, the product of vorticity
and patch area) and γ is an additional arbitrary circulation around the plate.
In the case of zero circulation about the plate the choice κ = 0 is made. In the
Kutta case, recall that it is required that the velocity at the plate ends be bounded,
which, in turn, implies that the velocity in the ζ-plane vanishes at ζ = ±1. This is
straightforward to implement numerically. The velocity computed at the ends of the
plate due to the patch alone is necessarily ﬁnite, thus only the correction velocity
ub − ivb and −iκ/2πζ in the ζ-plane need be considered. Thus it is required that, at
ζ = ±1,
dwb
dζ
−
iκ
2πζ
= 0. (3.3)
This gives κ = −2πvb|ζ=1. As a check on this numerical procedure, the results in the
Kutta case were tested by comparing the analytical point vortex solution discussed in
Section 2 with a small patch such that d = 0.95. Such a patch is very close to circular
and hence induces a velocity ﬁeld outside the patch which closely approximates that
of a point vortex. Choosing the circulation of the point vortex equal to that of the small
patch, agreement was found to three signiﬁcant ﬁgures between numerically computed
values of U and γ and those predicted explicitly by (2.8) and (2.9).
The patch boundary is discretized into nodes at zi = xi + iyi. Initially the boundary
is assumed circular with diameter 1 − d and centre (1 + d)/2 and the nodes are
uniformly spaced around the circle. Note that between nodes there is a nonuniform
sine-type spacing in the y-direction which maintains accuracy near y = d and y = 1.
For a given vortex shape, d, and plate length, a, velocities are computed on the
vortex boundary using contour dynamics and (3.2), enabling the computation of the
streamfunction ψP(xi, yi) due to the plate and the patch itself. The iterative numerical
method of [11] is then used. Brieﬂy, this involves changing the shape of the vortex
(with z1 and zN ﬁxed) and the free-stream velocity U so that the streamfunction
ψ(xi, yi) = ψP(xi, yi) − Uyi, where U = (ψP(0, 1) − ψP(0, d))/(1 − d), becomes
constant along the vortex boundary. Velocities, and hence ψP, at nodal points are re-
computed at each iteration. During this process yi is ﬁxed and the distance xi = g(yi)354 N. R. McDonald [8]
FIGURE 4. Vortex patch shapes for d = 0.05, 0.1, 0.2, 0.4, 0.8 with zero circulation about the plate and
a = 1. The aspect ratio of the plot is one.
is adjusted. Once the streamfunction becomes constant on the boundary of the patch
(to within some numerical tolerance) a steady solution is realized. The patch area, U
and circulation about the plate are computed at each iteration and are all monitored for
convergence.
In the results reported here a resolution of 0.01 between adjacent nodes on the
patch boundary was used, with a similar resolution used along the plate to calculate
the irrotational ﬁeld due to the presence of the plate. The sum in (3.2) was truncated
at the integer closest to N = 50a, where a is the half-length of the plate. In all results,
convergence of solution properties such as vortex area and U were obtained to four
signiﬁcant ﬁgures in typically 50 iterations.
4. Results
4.1. Zero circulation about the plate Figure 4 shows shapes of equilibrium vortex
patches above a plate of length a = 1 for d = 0.05, 0.1, 0.2, 0.4 and 0.8. As d
increases the patch becomes more circular. Since the ﬂow exterior to a circular vortex
patch is the same as a point vortex with the same circulation, it is expected that for
d ≥ 0.4 the point vortex model provides a good approximation for the patch. The
ﬂattening of the vortex boundary as it approaches the plate is typical of the shape of
V-states near an inﬁnitely long wall [11, 16].
Figure 5 shows the effect of increasing the plate length a with ﬁxed d = 0.05. As a
increases, the area of the patch increases. Also shown is the limiting case a = ∞
corresponding to an inﬁnitely long wall obtained using Pierrehumbert’s original
algorithm [11]. For a ≥ 4 the inﬁnitely long wall case provides a good approximation
for the shape of the patch.
Properties of the equilibria for d = 0.05 are plotted in Figure 6 as a function of
a (choosing a = 0.5, 0.75, 1, 1.5, 2, 3, 4, 5, 6, 7, 8, 9, 10). As a increases so does
the area of the equilibrium patch, rapidly approaching the area for the inﬁnitely long
wall case. The larger the patch the greater its circulation and hence the larger the
velocity U needs to be in order to maintain equilibrium as demonstrated in the second
plot. The variation of the ratio 0/4πU as a function of a shows good agreement
with the theoretical result (2.5) for a point vortex with the choice h = 0.525 (the mean[9] Vortex equilibria in ﬂow past a plate 355
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FIGURE 5. Vortex patch shapes of increasing area for a = 1, 2, 4, ∞ with zero circulation about the plate
and d = 0.05.
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FIGURE 6. Equilibria properties of patch area, U, 0/4πU and lift L for d = 0.05 as a function of a. In
the top two plots the dotted line represents patch area and U for an inﬁnitely long wall. In the third plot
the dashed line represents the value of 0/4πU for a point vortex (2.5).
distance between 1 and d). That the agreement is reasonable for such a noncircular
vortex implies that the agreement should be even better for larger values of d. This is
indeed the case: a similar plot (not shown) for d = 0.8 demonstrates the ratio 0/4πU
asafunctionofa forthepatchandapointvortexwiththesamecirculationarevirtually
identical. This again strongly suggests that the point vortex model is a good model for
the patch for most values of d. Finally, note that the lift increases in magnitude with a.
This is because of the increase in circulation of the patch as its area grows with a.356 N. R. McDonald [10]
FIGURE 7. Vortex patch shapes for d = 0.05, 0.1, 0.2, 0.4, 0.8 satisfying the Kutta condition and a = 1.
The aspect ratio of the plot is one.
1.0
0.8
0.6
0.4
0.2
0.0
–1.5 –1.0 –0.5 0.0 0.5 1.0 1.5
FIGURE 8. Vortex patch shapes of increasing area for a = 1, 2, 4, ∞ satisfying the Kutta condition and
d = 0.05.
4.2. Kutta condition Figure 7 shows the shapes of equilibrium vortex patches above
a plate of length a = 1. As in the zero circulation case, as d increases, the patch
becomes more circular, but for given d the Kutta condition patches have a larger aspect
ratio than their zero circulation counterparts.
Figure 8 shows the effect of increasing the plate length a on the shape of the vortex.
As a increases, the area of the patch increases. Compared to the case when there is
zero circulation about the plate, the approach to the inﬁnite wall shape is more rapid:
for a ≥ 2 the inﬁnitely long wall case provides a good approximation for the shape of
the patch.
Figure 9 shows properties of the equilibria for d = 0.05 as a function of a (choosing
a = 0.5, 0.65, 0.8, 1, 1.25, 1.5, 2, 3, 4, 5, 6, 7, 8, 9, 10). Again agreement is good
even when the patch is clearly noncircular. Finally the lift exhibits a maximum
magnitude when the plate half-length is close to one, and then decays slowly to zero as
a increases. This is consistent with the point vortex result (2.10) which shows L ∼ a−1
as a → ∞.
5. Time-dependent behaviour
The robustness of the computed steady solutions is tested by using them as initial
conditions in a time-dependent contour dynamics simulation. The algorithm is[11] Vortex equilibria in ﬂow past a plate 357
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the Kutta condition is satisﬁed. In the top two plots the dotted line represents U and patch area near an
inﬁnitely long wall. The approach to these asymptotic values is more rapid than in the zero circulation
case. In the third plot the dashed line represents the value of 0/4πU for a point vortex (2.9).
essentially the same as outlined in Section 3 for calculating the velocities at the nodes
on the patch boundary due to the patch itself and the presence of the plate. Once
these velocities are known the nodes are advected using a fourth-order Runge–Kutta
method [3]. Since inevitably there are small numerical errors, unstable equilibria
are expected to diverge from their initial conﬁguration whereas stable equilibria are
expected to remain close to their initial state. Although this test is not a proof of the
stability properties of an equilibrium solution it is an extremely good indication of
these properties.
Equilibria with a = 1 and d = 0.05 were tested for times up to t = 500 (where,
recall, time has been nondimensionalized using |ω|−1) and using a timestep of 0.1.
In the zero circulation case the equilibrium was found to be stable. That is, the
patch boundary at t = 500 was found to coincide virtually identically with its initial
conﬁguration. On the other hand, the equilibrium corresponding to the Kutta condition
initially drifted very slowly from its initial location (see Figure 10), that is, at t = 400
the patch had moved slightly to the right. Thereafter the patch evolved much more
rapidly and by t = 500 had moved signiﬁcantly from its equilibrium position. It then
rapidly moves away from the plate as it is advected by the mean ﬂow.
These time-dependent experiments lead to the conclusion that the equilibria with
zero circulation about the plate are stable whereas those in which the Kutta condition358 N. R. McDonald [12]
FIGURE 10. Time-dependent evolution of a vortex patch for Kutta ﬂow and d = 0.05 and a = 1. The
initial (t = 0) equilibrium patch shape is shown (dashed curve) and snapshots of the patch are shown at
t = 400 and t = 500.
is satisﬁed are unstable (although they are able to survive coherently near the plate for
signiﬁcant times). This behaviour is consistent with Section 2 where it was shown that
the point vortex equilibria correspond to either elliptic (stable) or hyperbolic (unstable)
points of the Hamiltonian.
6. Conclusions
Symmetric vortex patches above a ﬂat plate in equilibrium with uniform ﬂow
parallel to the plate have been found numerically. The conﬁguration allows for an
arbitrary circulation around the plate and two families of vortex equilibria have been
found corresponding to either zero circulation about the plate or when the Kutta
condition is satisﬁed at the plate ends. Both families can be thought of as being
desingularized point vortex equilibria. Given the distance of the outer edge of the
plate, each family depends on two parameters, namely the plate length and the distance
of the innermost edge of the patch from the plate. The shape of the patch, lift on the
plate and stream velocity are then determined. For given a and d this determination
appears to be unique: starting the numerical routine from an initial shape other than a
circle (that is, ellipses of varying aspect ratio) failed to ﬁnd any further solutions.
Comparison of numerical results for patches with the explicit point vortex results
derived in Section 2 suggests that results for the point vortex equilibria with circulation
equal to that of the patch predict well the properties of the equilibria even when
the patch is far from circular in shape. This suggests that the point vortex model is
appropriate for use in, say, aerodynamic modelling. Of course, ﬁnite area patch results
are still necessary to ﬁnd the correct area of the patch and hence the circulation of the
equivalent point vortex.
Time-dependent simulations suggest that the equilibria are stable in the zero
circulation case but unstable in the Kutta case, although they are able to persist for
signiﬁcant times in this latter case. These stability properties are consistent with the
behaviour of point vortices as deduced from the nature of the equilibrium points of
their respective Hamiltonians.[13] Vortex equilibria in ﬂow past a plate 359
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